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Abstract—In this paper, we analyze the performance of an in-
band full-duplex (IBFD) decode-and-forward (DF) two-way relay
(TWR) system whose two terminal nodes exchange information
via a relay node over the same frequency and time slot. Unlike
the previous works on full-duplex two-way relay systems, we
investigate the system performance under the impacts of both
hardware impairments and imperfect self-interference cancella-
tion (SIC) at all full-duplex nodes. Specifically, we derive the
exact expression of outage probability based on the signal to
interference plus noise and distortion ratio (SINDR), thereby
determine the throughput and the symbol error probability (SEP)
of the considered system. The numerical results show a strong
impact of transceiver impairments on the system performance,
making it saturate at even a low level of residual self-interference.
In order to tackle with the impact of hardware impairments, we
derive an optimal power allocation factor for the relay node to
minimize the outage performance. Finally, the numerical results
are validated by Monte Carlo simulations.

Index Terms—Full-duplex two-way relay, self-interference can-
cellation, decode-and-forward, outage probability, symbol error
probability, hardware impairments.

I. INTRODUCTION

With the increasing demand for high-rate data transmission,
the wireless systems need to use more bandwidth for their
transmission. Meanwhile, the number of wireless devices is
expected to increase dramatically in the era of the fourth
industrial evolution with every thing connected to the Inter-
net. The radio frequency is becoming scarce due to limited
radio spectrum. Therefore, transmission technologies with
high spectral efficiency are expected to develop for future
deployment. Recent researches in the literature showed a
great interest in the in-band full-duplex (IBFD) and two-way
relay (TWR) communications. While the IBFD systems can
attain a double spectrum efficiency thanks to the simultaneous
use of the same spectral bandwidth for both transmitter and
receiver [1f], [2]], the TWR systems increase its spectral effi-
ciency by letting the two end nodes simultaneously transmit
and receive at the same time slot. The combination of the
TWR and IBFD communications provides an IBFD TWR
system that enables high-rate data transmission and improves
spectral efficiency [3]]-[6]]. However, this system becomes
more vulnerable to the residual self-interference (RSI) at all
nodes, i.e. the two terminal nodes and the relay node, due to
imperfect self-interference cancellation (SIC) [7]-[10].

Previous studies on the IBFD TWR systems paid significant
attention on analyzing their performance under the case of
imperfect SIC. In [3]] the outage probability (OP) of the IBFD
TWR system with the amplify-and-forward (AF) protocol is
determined for the case of perfect and imperfect channel state
information (CSI). The paper showed that the OP of the sys-
tem soon exhibits an error floor at the high signal to noise ratio
(SNR) regime due to the imperfect CSI. In [4] the performance
of the IBFD TWR system is analyzed and optimized for the
case with multiple relays. The authors derived the exact OP,
bit error rate (BER) and ergodic capacity of the system. The
paper also demonstrated that the IBFD TWR system achieved
higher efficiency and better performance than the half-duplex
(HD) TWR one when the RSI is sufficiently small. In [11]
the authors proposed a multi-pair IBFD AF-TWR system
which used one shared-antenna at each terminal node and M
shared-antennas at the relay node. An optimal power allocation
scheme was also proposed to improve the system performance
in the case of none power-scaling. In [[12] the OP of the IBFD
multi-user AF-TWR system was analyzed. The paper studied
the impact of the RSI incurred by the IBFD mode on the
system performance and showed the full duplex (FD) mode
could achieve the desired performance within the low RSI
regime. However, when the RSI increased the performance
gain of the FD mode was lower than that of the HD mode.
In [13]] the achievable rate of the IBFD AF-TWR system with
joint relay and antenna selection was considered. The impacts
of the RSI and transmit power on the system performance were
also studied. The achievable rate of this system was shown to
increase quickly in the low SNR and then reach a saturated
level in the high SNR regime.

Besides the AF protocol, the decode-and-forward (DF) was
also proposed to use in the IBFD TWR systems. In [5]]
and [6], the OP was used as the performance criterion to
evaluate the performance of the IBFD DF-TWR system. The
authors derived the OP expression for seven different cases
corresponding to the power allocation factor at the relay node.
The paper also investigated the OP for both symmetrical
and asymmetrical systems. The OP of the IBFD DF-TWR
system was analyzed for the case with both imperfect CSI
and imperfect SIC in [[14]]. The paper also considered the
impact of imperfect CSI on power allocation and optimal relay
placement. The work in [15] considered a multi-user IBFD
DF-TWR system and proposed a max-min scheduling scheme



to optimize the system outage performance. It was shown that
in the case of full CSI, the system outage performance could
be improved by the max-min scheduling scheme. In [16] the
authors evaluated the spectrum efficiency of the IBFD DF-
TWR system when using the sum rate as a function of the
distance between the terminal and the relay node. In [17] the
authors considered the secrecy performance of the IBFD DF-
TWR system with the optimal relay selection. It was shown
that the secrecy performance was significantly affected by the
number of relays, the average signal to noise ratio (SNR)
of eavesdropper links, and the RSI. The work [18]] proposed a
self-interference management scheme based on the cooperative
communications for the multiuser IBFD DF-TWR system. It
is noted that although the performance of the IBFD TWR
system was extensively studied, most previous works only
focused on its OP leaving other performance parameters such
as the error rate and the system throughput opened for further
investigation.

Given the assumption that the system hardware is not ideal
due to different factors, such as manufacturing imperfection,
phase oscillator noises, I/Q imbalance etc., the performance of
the IBFD TWR systems was also studied in previous works. In
[19] the imperfect high power amplifier (HPA), imperfect SIC
and modulation imbalance at the relay node was considered
for the IBFD AF one-way relay system. It was demonstrated
that the received SNR at the relay node did not affect the
input back-off (IBO) optimization and the bit error rate (BER)
could be minimized by the optimal IBO when the channel
between the relay and the destination node is flat fading.
In [20] and [21] the authors studied the impact of hardware
impairments at both transmitter and receiver in the IBFD one-
way relay system using both AF and DF protocols. The paper
showed a significant performance degradation by the hardware
impairments, especially at high transmission rate. The work
in [22] investigated the performance of a switch-and-examine
relay system with post-selection scheduling under the impact
of hardware impairment in the shadowed-Rician channel. The
problems of both hardware impairments and imperfect channel
estimation in the one-way relay and TWR AF systems were
analyzed in [23[]. Both the systems were shown to suffer from
an outage floor but that in the one-way system was lower than
in the TWR system.

Recently, the joint and cross impacts of hardware impair-
ments (HI) and RSI on the performance of IBFD relay systems
have been also investigated [10], [24]-[30]. However, they
focused on the IBFD one-way relay (OWR) systems [25]-
[30] or IBFD TWR system with AF protocol [10], [24]. Due
to the computational complexity in mathematical analysis, the
system performance of IBFD TWR system using DF protocol
with HI and RSI was not considered. This motivates us to
consider the IBFD DF-TWR system under the simultaneous
impacts of hardware impairments and imperfect SIC at all
nodes. Specifically, we aim to analyze its performances in
terms of the outage probability, throughput and symbol error
probability (SEP) and compare them with those of the ideal
hardware system in [5], [6]. Against the previous works, the
contributions of our paper can be summarized as follows:

o We first determine the exact expression of the Signal to

Interference plus Noise and Distortion Ratio (SINDR)
and use it to derive a new closed-form expression for the
OP of the system as a function of the power allocation
factor at the relay node. Unlike the previous works in
51, [6], [14], [15], which examined the OP based on
the SIC capabilities of only the relay, we consider them
at all FD nodes in our analysis. On the other hand, we
also determine the OP according to the average SNR
of the system to explore the outage behaviour of both
the ideal hardware and the hardware impairment systems.
The system throughput and SER are also analyzed to
determine the impact of hardware impairments and RSI
on the system performance.

o Moreover, we analyze the system performance under the
impacts of both hardware impairments and the RSI. The
level of the RSI is then varied with the transmit power
of the FD nodes to have an insight into the impact of the
RST at the high SNR regime. Based on this observation,
we derive an optimal power allocation factor for the relay
node to minimize the OP and SEP.

The rest of the paper is organized as follows. The system
model and its related assumptions are described in Section
Section [III] presents the performance analysis of the system in
terms of the outage probability, throughput and symbol error
probability. The proposed optimal power allocation factor is
presented in Section Numerical results and discussions are
given in Section [V] Finally, Section [VI] draws the conclusion
of the paper.

II. SYSTEM MODEL

In order to describe the system model of a IBFD DF-
TWR network with hardware impairments, we first begin
with a simple point-to-point communication system which
has two end nodes, each equipped with an antenna for both
transmission and reception. In the case of ideal hardware, the
received signal at one node is given by

y=hr+z, (D

where x is the transmitted signal, h is the fading coefficient
of the link between the two nodes, z is the Additive White
Gaussian Noise (AWGN) with zero-mean and variance of o2,
i.e. z ~ CN(0,0?) at the receiver.

In the case of hardware impairments, the received signal
with the same above conditions is given by

y=nh(x+n)+n + 2z (2)

where 7; and 7, are the distortion noises due to the im-
pairments at the transmitter and the receiver, respectively,
ne ~ CN(0,k2P) and 0, ~ CN(0,k2P|h|?); The two design
parameters k; and k, represent the impairment level at the
transmitter and the receiver, respectively. For a given channel
h, the aggregate distortion at the receiver is given by

Epe o, P + ne|*} = P|R (k7 + k), 3)

where E{-} denotes the expectation operator. The aggregate
distortion at the receiver depends on the average signal power
P = E{|z|?}, the instantaneous channel gain |h|?> and the



design parameters k7 and k2. Let k? = k? + k2 then the
aggregate distortion at the receiver becomes

B, . {[hae + mr|*} = P|R*R?, 4)

where k is the aggregate impairment level which accounts
for that from the transmitter hardware k; and the receiver
hardware k,.. Since k£ depends on the transmit power it may
varies during practical operation. However, for simplicity we
assume that k is constant, which is appropriate for a certain
transmitter power level.

Using (@), the received signal in (Z)) is rewritten as

y="h(z+n)+z (&)

where 7 represents the aggregate hardware impairment at
both transmitter and receiver with 7 ~ CA(0,k?P). Under
these assumptions we can establish the system model for
the considered IBFD DF-TWR relay network with hardware
impairments as illustrated in Fig. [T}

Fig. 1.

System model of a IBFD DF-TWR network with transceiver
impairments.

During the multiple access (MA) phase the two end nodes
S1 and S exchange data with each other via a relay node R
and the received signal at the relay node at a time slot ¢ is
given by

yr(t) = hir@1(t) + horda(t) + hrrir(t) + 2r(t),  (6)
) oy

where F1(t) 2 1 (t) +n1(t); To(t o(t) +ma(t); Tr(t) =
zr(t) + nr(t), with z1(t), z2(t), and zg(t) are the desired
signals, while Z;(t), Z2(t) and Zgr(t) are the actual signals
from Sy, So and R, respectively; 11 (), n2(¢) and ngr(t) are the
distortions caused by the transmitter and the receiver of nodes
Sl, SQ and R with m ~ ON( k2P1) N2 ~ CN( kQPQ)
and ng ~ CN(0,k%Pr); P; is the transmit power and k;
indicates the impairment level of each node, where i = 1,2, R
corresponding to node S;, So and R; hir, hor and hrr
represent the fading coefficients of the channels from S;, Ss to
R and from the transmitting antenna to the receiving antenna
of R; zr ~ CN(0,0%) denotes the AWGN at the relay. Note
that when ky = ko = kg = 0 the considered system becomes
an ideal-hardware one.

During the broadcast (BC) phase, at the same time slot ¢ the
relay node R transmits the encoded signal comprised of the
received signals from the MA phase to Si, So. The received
signals at S, So are given respectively by

Y1 (t) = hriZr(t) + hi1d1(t) + 21 (¢), )
Y2(t) = hra@r(t) + haodia(t) + 22(t), )

where hri, hro, Bu, 7122 are the fading coefficients of the
links from R to S;, from R to S, and from transmitting
antenna to receiving antenna of S;, So, respectively. It is
noted that two channel models are often applied for IBFD
TWR systems, i.e., reciprocal channels and non-reciprocal
channels. The case of reciprocal channels is used when the
overall user-to-relay and relay-to-user transmission time falls
within a coherence interval of the channel and the pair of
antennas are placed sufficiently close distance. Meanwhile,
the case of non-reciprocal channels is used when the pair of
antennas are implemented far apart each other for transmission
and reception [31]]. In this paper, we assume that the distance
between transmit and receive antennas of a node is sufficiently
close, thus, the channels are reciprocal. This assumption are
widely used in the literature such as [4]], [6], [14], [31], [32].
In other word, we have |hra|?> = |hor|? |hr1l|?> = |hir|%
zi ~CN(0,N;), i =1,2 is AWGN.

The transmitted signal Zg(¢) at R consists of two signals
Z1(t) and Zo(t) as follows Zr(t) = Z1(t) + Z2(t) + nr(t)-
In fact Zg(t) contains the two previous received signals
21(t — 1) and z5(t — 1) with different power allocation
levels for re-encoding such that E{|Z;(¢)|*} = (1 — A\)Pg,
E{|Z2(t)|?} = APr, where A € (0,1). Using a suitable
network coding technique such as in [4], S; and So can fully
extract the intended signal transmitted to them from Zg (¢) and
we have

y1(t) = hra[Z2(t) + e ()] + hin@ () + 21 (t), )
Y2(t) = hra[Z1(t) + R ()] + haa@a(t) + 22(t).  (10)

Assume that effective SIC techniques are used in all three
nodes so that the RSI after SIC, denoted by I;, can be
modeled by a complex Gaussian distributed random variable
13, 401, 161, [16], [32]-[34] with zero-mean and variance
oks, = Qi P;, where Q; denotes the SIC capability of node
i,7 = 1,2, R. Equations (€), (9) and (I0) then can be rewritten
as

Yr(t) = hir@1(t) + horZ2(t) + Ir + 2r(t), (11
y1(t) = hri[Z2(t) + nr ()] + 1 + 21(8), (12)
Y2(t) = hra[Z1(t) + nr(0)] + L2 + 22(1). (13)

From (TI), (12), (13), the SINDRs of the IBFD DF-TWR
system are given by

Yok = pilt (14)
R R R pikEPy + pakE Py
P2P2
JR = , 15
82R U%{_'_U%{SIR +p1k‘%P1 —l—pgk%Pg (as)
P1APR
= : (16)
T Y R, + PIFE Pr
p2(1—A)Pr
VRS, = : a7
T T 0%+ 0By, + p2kE PR
P P
Youmn = froatrels (18)

0-12{ + U%{SIR + plk‘%Pl + pzkgpg’



where py = [h1|* = |hr1|? = [har|*; p2 = |he|? = |hro|* =
|har|%; ¥s,R» YS2R» VRS;» YRS, Tepresent the SINDR of the
communication links from S; and Sy to R, from R to S; and
Sa, respectively; Ysum denotes that of the sum signal at the
relay node.

III. PERFORMANCE ANALYSIS

A. Outage probability analysis

In this section, we analyze the performance of the IBFD DF-
TWR system and derive the exact OP expression for different
cases of power allocation factors. The OP is defined as the
achievable rate of any communication links which is less than
the minimum data rate that the system must achieve. Assume
that the minimum required data rate from S; to R and from
R to Sy is R4, from S, to R and from R to S is Ry. OP of
a random link between S;, R, So can be defined as follows:

Pout = Pl“{Cj < Rj}, (19)
where C; = log,(1+ ;) and v;, R; are the SINDR and the
minimum required data rate of link j, 7 = 1, 2, respectively.
Therefore, the OP occurs when

logs (1 + vs,r) < Rq or logy(1 4+ vmrs,) < Ri, (20)

log, (1 +7vs,r) < Ra or logy(1 + 9rs,) < Ra, (21)

10g2(1 + ’Ysum) < Rl + RQ. (22)
Equivalently, we have

Y, < 2% —Toryrs, <27 -1, (23)

Ys,r < 272 — 1 or yrg, < 2®2 -1, (24)

Youm < 27 TRz 1, (25)

Let x = 2R — 1, y = 2R2 — 1, it then follows that 2R1+R=> _
1 =2+ y+ xy, and we can determine the OP as follows:

Pous = Pr{AUBUCY, (26)

where the events A, 3,C are defined in the following expres-
sions:

A= (15,Rr <) U (RS, <),
B = (ys,r <¥) U (RS, < ),
C= (’ysum < Z),

27)

with z =z + y + zy.

Under the Rayleigh fading channel, the CDF and PDF of
the channel gains p; = |hy|?, | = 1+ 2 are given, respectively,
by

_= 1 _=
Fﬁl(z)zlie lefm(x)zﬁle slla‘T)O?

(28)

where ; = E{|h;|?}.

We assume further that the relay node knows the global CSI
to decode successfully the received signal and the two terminal
nodes know the partial CSI to subtract the transmitted signals.

Theorem I: Under the Rayleigh fading channel and hard-
ware impairments, we can determine the accurate OP expres-

sion for the following seven cases:

1—0Q2Qs3, case 1,
1- Q2Q3Q57 CaSCQ,
1- Q1Q3Q5a CaSC3,
Pout = 1- Q2Q4Q5a Case47 (29)
1—Q2Qy, case d,
1- Q1Q4Q5a CaSC6,
1—Q1Qy, case 7,
where
a2 TtR
= —-exp|——], 30)
@ a1z + b2 P ( a2 )

yt1 b12 <
=exp| —2—=) |1 - ——ex
@ P ( 012> [ a12 + bi2 P

exp <

t b
Q4 = exp (—“) [1 - ex

a3
a34 + by

_ytr
a34 ’

TtrC12 — Ytiae

biaci2 ﬂ

€1y

(32)

YtRC34 — Tt2a3y

bsacsa ) }

34 a34 + b3q
(33)
a ( ztR> 1—kfz <0,
exp|——1,
as — by P as 1—]€§Z>0,
bs . (ztR> 1— k%2> 0,
X N B
b5—a5 P b5 1—]€§Z<0,
W (~28)
Qs = as — bs P as bs — as P bs )’
1-k22>0
1—Fk3z >0,
a/57éb57
, 1— k22 >0,
(l—l-R) exp (—ZR>, lflc§z>07
5 as
as = bs,
(34)

where ajp = lel(l — k‘%.’lﬁ), blg = Qngkgx, Clg =
QIPR(/\_]ﬁQ{y)y azq4 — Q2P2(1_k%y), b34 = Q1P1]<i%y, C34 =
QQPR(l — A= k%x),(]% = QQPQ(l - k%z),b5 = lel(l —
k32),t) = o2 + JI%SIl ty =03 + U%{SIQ,tR = (7%{ + O’%{SIR.
The above seven cases of the OP corresponds to the
predefined power allocation factors as in Table I, where

Pityy[l — k3y — k(2 — y)]
Prtr(z —y) 7

X = K2y + (35)

Pityy(1 — kixz)

Y= k%{y + PRtRm

; (36)



TABLE 1
POWER ALLOCATION SCHEME

Case| Power allocation factor A Outage links
1 (k%{y,min{X, Z}) R —+S1,S1—>R,S2—+ R
. R —+S1,51 =+ R, 82 = R,
2 (X, min{Y, Z}) Revms
3 Y. %) S1 — R,S2 = R, Reum
4 max{kZy, Z}, R —+S1,81 = R, R — Sa,
. 2 S2 — R, Rsum
min{l — kgz,Y}
5 max{k}y, Z}, R —+ 81,81 - R, R = So,
S2 = R
min{l — k&, Y} 2

S1 = R, R — S2,S2 —» R,

6 (max{Y, Z},T) R
SUIN

7 (max{Y,T},1 — k) S1 =+ R, R—>8S2,5 =R

Potox(1 — k3y)

Z=1—kizx— , (37)
R Prtry
Potox[l — K3z — k3(z — 2))]
T=1-kiz— . 38
RY Prir(z — x) (38)
Proof:

1) When 1 —kz <O0or A—kiy<Oorl—XA—kiz <0
or 1 —k3y <0or (1—Fk¥z<0&1 — k32 <0), at least one
of the five cases in 23), (24), (23) always occurs, therefore
OoP =1.

2) When all the above stated conditions do not occur
simultaneously, we can determine the OP as follows: let
Poutrs = Pr{A}, Pouts, = Pr{B}, Pout, = Pr{C} with the
events A, B,C defined as in (Z7), we have

P . 1_Q1a)\>Y7 (39)
otz T 1y, A< Y.
1—- QS? )\ < Za

Poutss = 40

s {1—Q4,A>Z. “40)

P, =1—-Qs- 41)

Based on these equations we can obtain the OP of the IBFD
DF-TWR system given by (29). For detailed derivation, see
Appendix A.

Remark: To get more insights about the system behaviors,
we derive the asymptotic expression of OP in the case of the
transmit power is extremely large. Specifically, we consider the
case that the three nodes are identical by setting Ry = Ro =
R, kl = kg = kR = k, Ql = QQ = Q, 012%311 = 0-12%812 =
J%SIR = U%SI, 0 =03 = (TIQ{ =02, PP =Py =P, =P,
Q= Qs = Or = €, and A = 0.5. These settings lead to
r =Y, 12 = A34 — QP(l — k‘233), blg = b34 = QP]C2$,
C12 = C34 = QP(05 - k’2l‘), a5 = b5 == QP(l - k22), tl =
ty = tg =t = 02 + QP. In addition, applying approximation
of the exponent functions, i.e., exp(—z) ~ 1—z and exp(z) ~

1+ x when z — 0, we can calculate the values of Q, Q2,

@3, Q4, and Q5 as
ey
a12

a2
Ql ~N — (1
a2 + b1z

= (1- k%) (1—£2P(1mk2a:))’

t ot —
(1 B y1> [1 B b12 (1 n TtRC12 yt1a12>}
C12 a2 + b1z biaci2

xt 0.5zt
= ({1--—— 1— 2 -
( QP05 - k%)) ( Mot P05 - kzx)) ’

(42)

Q

Q2

43)
a34 Ytr
~ B (YR
@ azq + b3 ( a34>
B 2 - xt
_ (- k) (1 QP(l_k%)), (44)

YlrC3s — xlaasy ﬂ
bsacsa

xto b34 (
~(l-—)|1—- 1+
@ ( €34 > [ as4 + baa

xt

I U Y ST N L
- <1 QP05 — k?:c)) (1 Mt P05 - k%)) ’
(45)

:(”M) (“M)' o

In the case of the transmit power is extremely large, i.e., P —
00, we have

(1—k2x) )’
47)

Qz
. o . R _ 2 _
lim Q) = lim Q3= (1 k ac) (1 0

lim = lim
P—oo Q2 P—oo Q4

Qx ) 0.5Qx
- (1 T Q05— k%)) (1 RO k%)) ’

(48)

o 0z Gz
A Qs = (1 T k;2z)> (1 = k%)) - 49

As shown in above expressions, the values of @1, @2, @3,
@4, and @5 in high transmit power depend on the average
channel gain (2), the SIC capability of FD device (), the HI
factor (k), and the minimum required data rate (z, z). Since
0, Q. z, 2, k are constants, the values of Q1, Q2, Q3, Q4, and
Q@5 are constants in high transmit power. Thus, the OP is a
constant in high transmit power. In other word, the joint and
cross impacts of HI and RSI cause the error floor of OP of
the IBFD DF-TWR system.



B. Throughput analysis

Throughput 7 of the system is defined as the ratio of the
average number of packets successfully transmitted in a given
time interval to the number of attempted transmissions [35].
The throughput of the IBFD DF-TWR system is expressed as

T =R(1 — Pout)s (50)

where R is the nominal transmission rate (bit/s/Hz) and P,
is given in (29).

C. SEP analysis

The system SEP for a given modulation scheme is given
by [9]:

[eS) 5 ,
SEP = oE{Q(\/B7)} = V% /F(%)e’%dt, (51)
0

o0
where Q(z) = \/% [ e~¥/2dt is the Gaussian function; ~

is the receive SINDﬁ of the system; « and 3 are decided
by the modulation format, e.g, « = 1,5 = 2 for the binary
phase-shift keying (BPSK) modulation, « = 2,8 = 1 for
the quadrature phase-shift keying (QPSK) and 4-quadrature
amplitude modulation (4-QAM) modulations [9]. F(z) is the
CDF of SINDR. Thus, we have F'(z) = Pous(z) which is
determined using (29). If we set variable y as a function of
variable x such as y= g(z) and for R1 = 1, Ry = 5 we have

y =3lx. Let x = % we can obtain SEP given by

avB [ e
2\/27r0 VT

Due to the complex expression of the OP in @9), it is not
possible to simplify further the expression of the SEP in
(52). However, the integration in (52)) can be calculated using
numerical calculation.

SEP =

F(x)dz. (52)

IV. OPTIMAL POWER ALLOCATION FOR THE RELAY NODE

Since the system performance depends mainly on the power
allocation factor A of the relay node it is desired to have
it optimized. In order to achieve this objective we propose
an optimal power allocation scheme for the relay node to
minimize the system OP. The objective function for the
optimal \* is defined as follows

(53)

A= arg mgn Pous-

Theorem 2: The optimal value A* for minimizing OP of
the IBFD DF-TWR system with hardware impairments is
determined as follows

min{X, Z}, for case 1,
min{Y, Z}, for case 2,
(Y, 2), for case 3,
)\* = (]_ — k%x)\/Qgtly + k%y\/ Qltgl' for case 4.5

VQaot1y + 1/ Qi tox ’ ’
max{Y, 7}, for case 6,
max{Y, T}, for case 7,

(54)

Proof: From the exact OP expression in (29) we can find
the minimal value of OP for A\ = Y for case 1 and case
2. For case 3, since OP does not relate to A, thus the value
of A in Table I is the optimal value. In case 4 and 5, since
OP is a complicated function and it is not possible to find
the exact value of A, we resort to finding a sub-optimal value
of \. After some mathematical manipulations, we have A\ =
(kkg‘f/)ﬂv ?Qtf+£§ty; il22 1 case 6 and case 7, the minimal
value of OP i A = Z. For detailed derivations of proof, see
Appendix B.

V. NUMERICAL RESULTS AND DISCUSSIONS

In this section, performances of the IBFD DF-TWR system
in terms of OP and SEP are demonstrated using numerical
results. In order to verify our analysis, simulation results are
also provided. The impacts of both hardware impairments
and RSI due to imperfect self-interference cancellation are
characterized by channel response chains p; with mean values
of Q;,7 = 1, 2. The system performance under the impact
of hardware impairments is compared with that of the ideal
one (i.e. k1 = ko = kr = 0) for various cases of RSI to see
the degree of degradation. The effect of the power allocation
on the system performance is also investigated. For the sake
of reading, the parameter settings for evaluating the system
performance are summarized in Tab.

TABLE I
PARAMETER SETTINGS FOR THE SYSTEM PERFORMANCE.

Notation Description Fixed value Varying range
SNR Signal-to-noise 40 dB 0 ~ 40 dB
ratio
. Average transmit 10, 20, 30, 40,
B power 40 dBm 50 dBm
2 Variance of 1 none
i Gaussian noise
9 Variance of RSI
ORsI, value 1 none
Q; SIC capability -35dB 0~0.3
k HI factor 0.1 0~0.3
R Minimum 1 bit/s/Hz 2, 3 bit/s/Hz
required data rate
N Powe; allocation 0.5 0~ 1
actor
(o, B) Modulation pair 1, 2) none

Fig. 2| shows the OP performance of the system versus
the power allocation factor for P, = P, = 40 dBm, and
4 values of Pr. The investigated threshold for the OP is
set at R4y = Ry = 1 bit/s/Hz, from which we obtain
r=y=2'-1=1and 2 = z+y+ay = 3. The
aggregate level of impairments is k;y = ko = kg = 0.1.
The average channel gains are {3y = €3 = 1. The RSI
value is ofg;, = ORg, = Opsy, = 1 and the variance
of AWGN is 07 = 0% = o = 1. The transmit power
at the relay node is set to Pg = 10,30,40, and 50 dBm.
Under this setup, the two terminal nodes play a similar
role, leading to a symmetrical model which archives the best
performance when the relay node allocates equal power to
both sides (i.e. A = 0.5). This observation is in line with
Theorem 2. For example, when Pg = 40 dBm we have
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Fig. 2. The OP performance of the symmetric FD-DF two-way relay system
versus power allocation factor.

X =0495;Y =1; Z =0; T = 0.495. Then the value of A in
the Table I is given by (0.01,0) for case 1; (0.495,0) for case
2; (1,0) for case 3; (0.01,0.99) for case 4 and 5; (1,0.495)
for case 6; and (1,0.99) for case 7. Since only the range
(0.01,0.99) is suitable for ), so either case 4 or case 5 occurs.
Moreover, equation (84) becomes 2A% — 2\ + 0.9812 = 0. As
this equation has no real root, only case 5 occurs and the
optimal value of A in (34) is given by A\* = 0.5. It can be
seen from the figure that when the relay transmit power is
small, i.e. Pr = 10 dBm, the impact of impairments is small
and thus performances of both the hardware impairment and
ideal system are the same. However, when PR increases the
impact of hardware impairments becomes more significant.
At Pr = 30 dBm, there is a significant gap between the two
systems. When the relay power increases to Pr = 40 dBm
while the power allocation is still effective for the ideal system
it has no effect on the hardware impairment one. At higher
power, i.e. Pg = 50 dBm, the system OP of both the systems
becomes saturated due to RSI and the power allocation is no
longer effective.

Fig. [3] illustrates the OP of the asymmetric system with
Pr = 40 dBm. The threshold, RSI and the variance of AWGN
are the same as used in Fig. 2] The transmit power and
distortion factor of the two terminal nodes are set different
to explore the system performance under the asymmetrical
model. The figure shows that the system performs better when
the power difference between the two terminal nodes is small.
For example, with the distortion factor k1 = ko = kg = 0.1
and the total transmit power P; + P, = 70 dBm, when the
power difference is small, i.e. P; = 30 dBm, P, = 40 dBm,
the OP performance is much better than the case with larger
difference, i.e. P, = 50 dBm, P, = 20 dBm. When the
evaluation parameters at the relay node are fixed and the
transmit power and the distortion factor at the two terminal
nodes increase, e.g. P, = 40 dBm, P, = 30 dBm, and
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Fig. 3. The OP performance of the asymmetric FD-DF two-way relay system
versus power allocation factor.

k1 = 0.08, ko = 0.12, the OP performance of the system with
hardware impairments exhibits a certain level of improvement.
The reason is due to the fact that increasing the transmit power
and decreasing the distortion factor of node S;, and decreasing
the transmit power and increasing the distortion factor at node
So cause the hardware impairments to decrease. On the other
hand, since high transmit power is used in Fig. 2] and Fig. [3}
the impacts of hardware impairments and RSI cause the error
floor soon of the OP of IBFD DF-TWR system. This result
is reasonable because 01, Q2, Q3, Q4, and Q)5 are constants
(refer to @7), @8), and @9)) leading to the OP is also a
constant in high transmit power.
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Fig. 4. The OP performance of the system versus SNR with fixed distortion
factor and RSI.

Fig. @] plots the OP performance of the considered system



versus average SNR where SNR is defined as SNR = %,
i = 1,2,R. Two thresholds, i.e. Ry = Ro = 1 and
R1 = Ro = 2 bit/s/Hz are used for investigation. The
HI factor is fixed at k1 = ko = kg = 0.1 for small
impairments. We investigate the impact of imperfect full
duplexing for two cases, i.e. 0%g;, = 0hgr, = O'%{SIR =1 and
Q1 = Oy = Qr = Q = —35 dB. It is immediately realized
that the performances of the perfect and impairment systems
are the same at the low SNR regime, i.e. smaller than 15 dB.
This means that the impact of hardware impairments can be
neglected. However, for high SNR values this impact becomes
profound, making the OP plots of the hardware impairment
systems become saturated very soon. In the first RSI scenario
(0ks1, = ORst, = Ofsy, = 1), since RSIis fixed when power
of all nodes increases, the impact of RSI is higher in the low
SNR regime and becomes lesser at high SNR. However, in
the second RSI scenario, the impact of the RSI is stronger at
high SNR due to the fact that o%g;, = P (i = 1,2,R)
leading to the outage floor appears sooner even for the ideal
hardware system. Particularly, when SNR > 20 dB the OP
performance of the HI system slightly increases and reaches
the outage floor at SNR = 40 dB. On the other hand, the
outage floor of the two RSI scenarios are the same because due
to significant impact of HI on the system performance. Under
the considered case, the impact of HI on the OP performance
is stronger than that of RSI.

o o o
IS o © =

o
()

Outage Probability (OP)

Fig. 5. The OP performance versus the distortion factor k; SNR = 40dB.

Fig. [§] illustrates the impact of both RSI and HI on the
OP performance. The two values used for investigation are
A = 0.5 and SNR = 40 dB. The value ranges of the distortion
factor k and Q are respectively given by k1 = ks = kr =k €
[0,0.3] and ©; = Qy = Qr = Q € [0,0.3]. It is noted that
performance at k& = 0 and € = 0 corresponds to the case of
the ideal hardware HD system. The figure clearly shows the
strong impact of both RSI and HI on the OP of the system.
Moreover, HI has more impact on the outage performance than
RSI does.
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O—0O—60—60—0—0

Throughput (bit/s/Hz)
-
o

R = 1bit/s/Hz

i O Ideal (Simulation)
] — Ideal (Analytical)

A Impairments (Simulation)
==+ Impairments (Analytical)

0 0.2 0.4 0.6 0.8
A

Fig. 6. The throughput of the system versus the power allocation factor A
for the different R.

Fig. [6] shows the throughput characteristics of the system
versus the power allocation factor A for 3 typical transmis-
sion rates R = 1,2,3bit/s/Hz. The following parameters
are used for investigation: P, = P, = Pg = 30 dBm,
U%{Sh = 0'1%812 = UlzKSIR = 1 and k‘l = ]4;2 = kR = 0.1.
The figure shows that HI decreases the system throughput
significantly, in particular at high transmission rates. For exam-
ple, at R = 2 bit/s/Hz it causes the throughput to decrease
by 0.1 bit/s/Hz and the attained transmission efficiency is
90%. However, this performance loss increases to almost
0.5 bit/s/Hz leaving the system to achieve the transmission
efficiency of only 80%.
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Fig. 7. The SEP performance of the system versus the average SNR.

Fig. [7] represents the SEP performance of the considered
system versus the average SNR. In this figure, the analytical



curves are plotted using equation (32)), while the marker sym-
bols show the results obtained by Monte-Carlo simulations.
We set Qi = —35 dB and three levels of distortion factor as
k = 0.08,0.11,0.15. The figure shows clearly the impact of
HI on the SEP performance. For all three distortion factors,
the SEP curves get saturated very early to an error floor above
4x1073. It can also be seen that for the HI systems, increasing
the SNR to more than 25dB does not help to attain better SEP
performance.

VI. CONCLUSIONS

In this paper, we have presented a detailed performance
analysis of the IBFD decode-and-forward TWR system with
transceiver impairments. Using mathematical analyses, we
have derived the closed-form expressions for the three impor-
tant performance measures including OP, system throughput
and SEP. Performances of the system under various effects
of HI and RSI were investigated using numerical calculations.
It was shown that both HI and RSI have a strong impact
on the system performance. Under these impacts, the system
becomes saturated at high SNR regime. HI was also seen
to have a stronger influence than RSI does. Although power
allocation can help to improve the system performance, it
is only effective for small relay transmit power such as
Pr < 40dB. It is clear that in order to maintain an acceptable
level of performance the relay needs to operate at low transmit
power level. As a result, the network coverage of the IBFD
decode-and-forward TWR system with HI is smaller than that
with the ideal hardware and more relays are expected to be
employed to attain the same communication range.

APPENDIX A: DETAILED DERIVATION OF THEOREM 1

1) Consider the case when 1 — k%x <0or \— kf{y <0
orl—X—kiz <0orl—Fkiy<O0or(l—k?z<0&l—
k32 < 0), at least one of the five cases in (23)), and
always occurs, therefore P, = 1. For example, consider the
probability of the first case in (23):

P1P1
Pr <a}=Pr
{’Yis } {U%{ + O‘%{SIR + plk%PI + p2k§P2

=Pr{p P (1 — kiz) < trx + po Pokix}.
(55)

When 1 — k22 < 0, we always have p; Py (1 — kix) < tra +
p2Pak3x. Thus, Pr{ys,r < x} = 1. Therefore, OP of the
system is given by Poye = 1,

2) When all the conditions in 1) do not occur simultane-
ously, Poyt is derived as follows:

a) When 1 — k%2 > 0 and A\ — k3y > 0

Poutns = / Pr{py < max(Ay, A3)} fru(p2)dpe (56)
0
where
t Pyk2 t
Ay = RT + p2lak3x 1Y (57)

P(1—kz) "2 Pa(A—Ky)

<a}

To determine the Poyt,, from (36), we consider the case
Ay > A, thus

trRT + p2 Pok3x t1y . (58)
Pi(1—kiz) = Pr(A—kgy)
Therefore, we have
9 Pit1y(1 — kiz) — Prtra(\ — k3y) (59)
Set
Pit1y(1 — k32) — Prtga(\ — k2
A, =D 1yY( iz) — Prira( &Y) (60)

PrPrk3x(X\ — k3y) ’
if po > Aio, then A; > A,, otherwise we have A; < As.
Thus, the expression (56) becomes

Aqo
[ Prlor < 22} £ (p2)ipe
0 (61)

o0

+ / Pr{p1 < A1} fp,(p2)dpa:

A2

Poutlg =

We now consider the condition for A;5 to derive the closed-
form expression for (61).

o If A12 < 0, then
Pltly(l — k%fﬂ)

A > ki =Y. 62
rY + PRtRJJ ( )

Thus, the expression becomes
Pout1o = /Pr{/’l < Av}fp,(p2)dp2 (63)

0
=1-Q.
It is noted that the expression (63) is OP of the link from S,
to R.
o If Ajo >0then A< Y.

Thus, we can calculate the two integrals in (6I) numerically
as follows:

Agz
POUtn = / PI‘{pl < AQ}fM (pQ)dPQ
ol (64)
+ / Pr{p1 < A1} fp,(p2)dp2 =1 - Q2.
Aia

It is noted that expression (64) is OP of the links from R to
S1 and from S; to R. This differs from the ideal hardware
system. For the ideal hardware system (ky = ko = kg = 0)
and expression becomes OP of only the outage link from
R to S;.

Combining with we have OP of the links from
S1 to R and from R to S; as follows:

1- Qla A 2 Y7
Poutlg :{

1—-Qs\<Y. (63)



b) When 1 — XA — kz > 0 and 1 — k3y > 0, using the
similar method, we have
oo
Poutss = /Pr{Pz < max(As, Aa)}fp, (p1)dp1  (66)
0
where
tQZL‘

Ay = :
T T PRl — A — k)

_ Ry + mPiky

A= - Ry) ©n

Therefore, OP of the links from Sy to R and from R to So
are defined as follows

P _ 17Q3a>\<Z7
outar = 1—Q4, A>Z.

When A < Z we have Py, = 1 — Q3 for the link from So
to R, and when A > Z we have Poyt,, = 1 — Q4 accounting
for both the links from Ss to R and from R to Ss.

¢) When the two conditions 1 — k%z <0Oand 1 -— k%z <0
are not simultaneously satisfied, we have:

POUts = PI‘{C} = Pr{'V/sum < Z}

(68)

(69)
Thus
Pouts = Pr{p1Pi(1 — kI2) + poPo(1 — k32) < trz}. (70)
Therefore
Pout; =1 — Qs5-

Note that Q;, ¢ = 1+ 5 in (63), and are defined in
3oy, @1), (G2), and (34), respectively. Combining (63),
(68) and (71}, and applying the following theorem in [36]:

(71)

Pr{AUBUC} =Pr{A} + Pr{B} + Pr{C} — Pr{AN B}
—Pr{ANC} -Pr{BNC} +Pr{ANBNC}
(72)

we can derive the exact expression of OP.

For example, for the outage links from R — S;, and from
S; — R, and from So — R (case 1 in Table I), the following
conditions must be simultaneously satisfied

1—k2 >0
A—Ekiy>0
1—A—kiz >0
1—k§y>0 (73)
Pit1y(1 — ki)
AN<kiy+——2— 17—y
< Ry+ PRtRx
Potox(1 — k3
R P Lk
Prtry

Therefore, the condition for power allocation factor A becomes
A > kRy
ALY |
A< Z

(74)

where the conditions 1 — k?z > 0 and X\ — kiy > 0 are
to guarantee that Poyt,, 7 1 and (63) occurs; the conditions
1—X—kEz > 0and 1 —k3y > 0 are for Poys,, # 1 and (63)
occurs; the condition

Pltly(l — k%l‘)

=Y
PRtRIL'

A< kRy + (75)

is the the links from R — S; and S; — R, which is determined
using (63)); the condition

Potox(1 — k3y)

A< 1—kiz — Poiny

=7 (76)

is for the link from S; — R, which is determined using
. When all these conditions simultaneously occur, we can
determine the condition Pyys, = 0 for veum = 2 (i.e. outage
does not occur). Therefore, the value of power allocation factor
A is determined as follows

p1PL(1—k22) + paPa(1 — k22) > tre. )
After some straightforward manipulations, we get
Pityy[l — k3y — k3 (2 —

Prir(z —y)
Combining these conditions (i.e. and (78)), we have
kiy < A < min{X,Y,Z}. Since X < Y, we have Case
1 in Table I. When the reverse case in occurs, it means
A > X, combining with @I), we obtain Case 2 in Table I.
Considering Case 3, the condition of A for that outage occurs
in the links from S; — R, and So — R is as follows

A—kiy>0
1— A=Kz >0
: ) (79)
A>Y
A< Z
Since
Pityy(1 — kixz) 2
Y =kiy+ ——— 17 sk 80
RY T Prinz > kry, (80)
and
Potox(1l — k2
Z:17k§x7M<1fk§x. (81)

Priry

Therefore, the condition that outage occurs in the links from
S1 — R, and S; — R is determined as follows

Y <A< Z. (82)

Under this condition, expression is always satisfied and
Pouts 7# 0. Therefore, we have Case 3. Due to this reason,
we do not have scenario that outage occurs from S; — R,
So — R but does not occur at Rgy,,,. The remaining cases can
be determined by the same method. Note that since T > Z
so we always have max{Y, Z,T} = max{Y,T} in Case 7.
Therefore we have the result for this case. For the case 4 and
the case 5, there is the same selection range A\ but for each
specific value of A, only one of the two cases occurs. To have



the outage links from R — S;, S - R, R — Sy and S; —
R the condition of A\ must be satisfied:

A—kiy>0

A<Y

1— A=Kz >0 (83
A>Z

Thus, the condition max(k3y,Z) < A < min(l — k&z,Y)
is the value of A to outage links from from R — S;, S; —
R, R — S5 and Sy — R. To check the outage link at Ry,
to choose the case 4 or the case 5, we need to determine the
specific value of A. After some transform, we get a quadratic
equation, depending on the value of the roots of the quadratic
equation

a\> +bA+c=0 (84)

to determine exactly the case 4 or the case 5, where a =
Prtrz, b = Potox(1 — k32) — Pit1y(1 — k3z) — Prtrz(1 —
kix+kiy), and c = Pit1y(1—k?2)(1—kiz)— Patoxkdy(1—
k3z) 4+ Prtrzkiy(l — k¥ x). If the quadratic equation has no
real roots or it has exactly one real root, we have Poyut, = 0.
Combining with the condition above, we have the case 5. If
the quadratic equation has two distinct real roots Ay, Ay, with
A1 < A < Ay then Py, # 0. Thus, with this value of A
combining with the condition above, we have the case 4. If
the value of A changes, it means A < A; or A > Ao, then
Pout; = 0, combining with the condition above, we have the
case 5.

When k1 = k; = kr = 0 this system becomes an ideal
hardware system, and the expression (29) becomes expression
(14) in [5]] and expression (19) in [6]. Thus, Table I in this
paper becomes the Table I in [5] and the Table III in [6].

APPENDIX B

This appendix provide the detail for the optimal value of
power allocation factor A to minimize the OP of the system
in the Theorem 2. Set f(A) = Pout and use the derivation of
the f(\) respect to \. For conveniently, we find the derivation
of the sub-function in the OP as follows a4 = b}y = 0,4}, =
by =0,af = b =0,cy = QU Pr,chy = —QaPg,

Q=Q3=0Q5=0; (85)

;1 Prtyy —l1y xtre12 — ylhiaig |
Q5 = 5 exp 1—expl ————=) |;
3y 12 bizcia

(86)

1 (thC34 - 93752034)
—exp /==,

Qo Prtox —tox
Q)= QQRQeXp( 2)

C3y4 csa /| b3ac34 ]
(87)
In the case 1, we have:
') = —Q5Q3 — Q2Q5 = —Q5Q3. (88)
trCi2—yti1a12 _
Thus, f'(A) = 0 when 1 — exp(% = 0. After

some manipulations, we get A = Y. When A < Y lead to

Q5 > 0,50 f/(A\) < 0. When A > Y we have f’(\) > 0.
Therefore A = Y is the optimal value of A to minimize the
OP in case 1. Combine with the condition in the Table I, we
get the case 1 in (34).

In the case 2, similarly the case 1, we have

') = —Q5Q3Q5 — Q2Q5Q5 — Q2Q3Q5 = —Q5Q3Qs5.
(89)

From (89), the optimal value of the power allocation factor is
A =Y. Combine with the condition in the Table I, we get the
case 2 in (34).

In the case 3, we always have f’(\) = 0. So the value of
A in the Table I is the optimal value.

In the case 4, we find the sub-optimal power allocation for
the OP. Firstly, we rewrite the OP in the case 4 as follows

OP =1—-Q20Q4Q5 = 1—6Xp(—hl—bi)Q5

C12 C34

b12 (ztRclz — yt1a12>
X |1— exp
a1g + b1 biaci2

t —xt
exp(y RC34 — T 2%4)] . (90)

b34
X |1—
a34 + b3a

From (00), the sup-optimal for the OP is the value of A to

tiy _ tax
C12 C34
manipulation, the critical point to maximize fy is

(1 — k%x)\/ Qgtly + k%y\/Qth:ﬁ.
VQat1y + vV Qitex

In the case 5, similarly, we get the value of A as (91).

In the case 6, we have

') = —Q1Q4Q5 — Q1Q4Q5 — Q1Q4Q5 = —Q1Q4Qs5.
(92)

b3ac3a

maximize fy = eXp( — ) After some mathematical

A= 1)

Set f/(\) = 0 to find the optimal value of A, it is the root

YtrC3a—Ttadsq
bsscsa
manipulations, the value A = Z is the root of Q) = 0. When

A< Zlead to Q) > 0, so f'(A\) < 0. When A > Z we
have f/(\) > 0. Therefore A = Z is the optimal value of A to
minimize the OP in case 6. Due to the fact that, T' > Z, so
max{Y, Z, T} = max{Y,T}. Combine with the condition in
the Table I, we get the case 6 in (54).

In the case 7, similarly the case 6, the optimal value of A
is A = Z. Therefore, the proof is completely.

of @) =0 we have 1 — exp( ) = 0. After some
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