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Abstract

In this paper, we analyze performance of the full-duplex (FD) amplify-and-forward (AF) relay system under

various cases of relaying gains and channel state information conditions. Specifically, we consider the case that the

FD relay node uses either fixed or variable gain for relaying under perfect and imperfect channel state information

(CSI). For the case of imperfect CSI (I-CSI), we derive the exact expressions for the outage probability (OP),

throughput, and symbol error probability (SEP) of the considered system. For the case of perfect CSI (P-CSI), we

can provide approximate expressions of OP, throughput, SEP, and ergodic capacity. In the case of P-CSI we also

propose an effective power allocation scheme for the FD relay node in order to reduce the impact of residual self-

interference (RSI). Both analytical and simulation results show a significant impact of RSI on the system performance.

In particular, when RSI is small the variable-gain relaying can help to achieve better performance than the fixed gain.

However, if RSI becomes large the two relaying schemes provide a similar performance. In this case, using the

proposed optimal power allocation scheme can improve the system performance, especially for the case with weak

direct link.

Index Terms

Full-duplex, residual self interference, self-interference cancellation, amplify-and-forward, ergodic capacity, outage

probability, symbol error probability.

I. INTRODUCTION

Nowadays, there is a continuously rising demand for high speed wireless broadband and reliable networks

for both commercial and mission-critical communications. While the wireless mobile services can rely on the
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existing communication infrastructure provided by the telco and internet service providers, the mission-critical

communication often requires more bandwidth to support disaster and emergency situations. In order to meet this

requirement, a wireless system that can provide bandwidth-efficient services for data/video transmission is vitally

needed. Various physical-layer transmission solutions such as massive multiple-input multiple-output (MIMO),

spatial modulation, non-orthogonal multiple access (NOMA), in-band full-duplex (IBFD) or full-duplex (FD) were

proposed to improve the spectrum efficiency [2]–[7].

With the advantage of doubling the spectral efficiency, the FD communication is considered a potential solution

for the mission-critical voice and data communication systems [8]–[10]. However, the residual self-interference

(RSI) due to imperfect self-interference cancellation (SIC) in the FD mode has a strong impact on the system

performance [11]–[14]. It is the RSI that prevents the FD communication from the practical deployment [3],

[15]–[17]. With the recent advancements in antenna design, analog and digital signal processing, the FD devices

can suppress the self-interference up to 110 dB [18]–[21], making the FD communication become more feasible.

Meanwhile, due to the benefits and wide deployments of the relay networks [22], the integration of the FD mode

to the cooperative communication systems can provide promising improvements in signal coverage, transmission

reliability, and spectral efficiency. Therefore, large efforts were paid to study the potential of the FD relay systems

in the literature [23]–[27].

Performance of the FD relay systems under various conditions were thoroughly studied in [1], [15], [28]–[35].

Using theoretical analysis, the outage probability (OP) performance and the end-to-end capacity were investigated

[28], [29], [36], [37]. In [28], the authors considered an amplify-and-forward (AF) FD relay system which uses

the maximal-ratio combining (MRC) to combine received signals from the direct and relaying links. Exact and

approximate expressions of OP for the case of variable-gain relaying were derived but not in the closed-form.

Meanwhile, the work in [38] investigated a similar system with both fixed and variable-gain relaying and found

that the system can achieve the same diversity order for both cases. Assuming the availability of the direct link

from the source to the destination while treating the RSI as a noise component, the paper [29] analyzed the OP

performance of the AF FD relay system. However, the closed-form expression for OP of this system was not

provided. In order to balance the spectral efficiency with the system performance, the work [36] proposed a hybrid

FD/HD relay which can combine the opportunistic duplex mode selection and transmit power adaptation. At the

destination, the received signal via the direct link is considered as noise or useful signal according to the FD or

HD mode at the relay node. It was shown that the hybrid FD/HD relay is highly efficient in the case of imperfect

SIC. With the same assumption of having the direct link, [37] analyzed the outage performance of the AF FD relay

system.

Recent researches in the literature also considered the FD relay communication systems using NOMA. In [39]

and [40], the authors considered the case that the near user acts as the FD relay to forward the signal from the

basestation to the far user. The exact expressions for the OP were successfully derived for both the users. In [33],

the authors investigated an AF FD cooperative NOMA system with approximated relaying gain and derived its

OP and ergodic capacity. The closed-form expressions for OP was not obtained in this paper. In [35], the outage
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performance of a downlink FD cooperative NOMA system using energy harvesting (EH) at the FDR was analyzed.

The exact expressions of the OP for both the near and far users over the Nakagami-m fading channel was provided.

However, these expressions still contain integrals but not in the closed-form.

Although the performance of the AF FD relay systems was analyzed in various works, the full understanding on

it for the case there exists the direct link is still limited, possibly due to complicated mathematical derivations. In

the previous works, the direct link was either neglected or considered only for the case of the HD relays. Although

some works considered the case with the direct link [28], [33], [35], [39], [40], they did not provide the closed-

form expression for OP. The expressions for the achievable capacity and symbol error probability (SEP) were also

overlooked. Considering the use of different relaying gains for the FD relay, the works [28], [33] considered only

the case that perfect CSI is available, i.e. the variable-gain relaying is used, at the relay node. Given partial CSI,

the relay should use a fixed gain but the analysis for this case were not reported yet. In order to address these

problems, in this paper we conduct a detailed performance analysis of the AF FD relay system with the direct

link and using both fixed and variable-gain relaying. Different from previous works, we can obtain the closed-form

expression for OP in the case of variable gain relaying by using approximation method. In the case of fixed gain

relaying, to avoid large approximation error we resort to the Gaussian-Chebyshev quadrature method to obtain the

exact closed-form OP expression. Besides the OP, we also derive other performance measures such as the system

throughput, ergodic capacity, and SEP of the considered system. In order to deal with the RSI impact, we propose

an effective optimal power allocation scheme for performance improvement. In summary, the contributions of this

paper can be stated as follows:

• We derive the exact closed-form expression for the OP of the FD AF relay system with the direct link for the

case with fixed-gain and variable-gain under the case of partial CSI (P-CSI) and full CSI (F-CSI) at the relay

node. In the case of P-CSI, we can derive the exact closed-form expression for OP while in the other case

using the approximation method, we can convert the integral-form to an exact closed-form expression for the

OP. Based on this expression, we can obtain the closed-form expressions for the system throughput, SEP and

ergodic capacity of the FD AF relay system.

• We evaluate the system performances in terms of OP, throughput, SEP and ergodic capacity for the case of

imperfect SIC, fixed and varied RSI. The impacts of the RSI, the channel gain of direct link, the transmission

power of the FD relay node are also investigated.

• We propose an optimal power allocation scheme to reduce the impact of RSI in the high signal-to-noise

ratio (SNR) regime. Using the proposed power allocation scheme, we can enhance the system performance

significantly.

The rest of this paper is organized as follows. Section II describes the system model. Performances of the system

in terms of OP, throughput, SEP and ergodic capacity are analyzed in Section III. Section IV presents the optimal

power allocation scheme. Numerical results and discussions are given in Section V. Finally, conclusions are drawn

in Section VI.
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II. SYSTEM MODEL

The system model of the AF FD relay system with the direct link under consideration is illustrated in Fig. 1. A

source node S transmits its signal to a destination node D via two links: (i) the relaying link with the help of a

relay node R, and (ii) the direct link from S to D (hereinafter referred to as the direct link). In this model, S and D

are assumed to have one antenna and operate in the HD mode while R has two antennas to support the FD mode,

one for reception and one for transmission simultaneously. Note that the use of two separate antennas instead of a

shared-antenna by R allows for better isolation.

f
f

Desired signal

S

R

D

Self-Interference

Fig. 1. System model of the AF FD relay system with direct link.

At time slot t, the received signal at the relay node is given by

yR = hSRxS + h̃RRxR + zR, (1)

where hSR and h̃RR are respectively the fading coefficients of the channels from S to R and from the transmitting

antenna to the receiving antenna of R; xS and xR are the transmitted signals from S and R, respectively; zR is the

Additive White Gaussian Noise (AWGN) with zero-mean and variance σ2
R, i.e. zR ∼ CN (0, σ2

R). It is assumed that

the relay R can apply all available SIC techniques in the propagation, analog and digital domain for the best-effort

self-interference suppression. However, a certain level of the RSI still exists due to imperfect SIC, which impacts

the system performance. Under this assumption, the RSI at the FD relay node, denoted by IR, can be modeled as a

complex Gaussian-distributed random variable with zero mean and variance σ2
RSI. The RSI variance was analyzed

in [28], [41]–[44] and given by σ2
RSI = Ω̃RPR, where Ω̃R represents the SIC capability of the FD relay node.

The received signal at R after SIC is then given by

yR = hSRxS + IR + zR. (2)

Next, using the AF protocol, the relay R amplifies the received signal before forwarding it to the D, i.e.

xR = GyR, (3)

where G is the relaying gain. The value of the relaying gain is adjusted so that the transmit power of R equals PR,

i.e.

E
{
|xR|2

}
= G2E

{
|yR|2

}
= PR, (4)
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where E{·} represents the expectation operator. In the case of P-CSI, i.e. R has perfect knowledge of the fading

coefficient hSR, it uses a variable gain Gv which can be changed according to the fading state. Otherwise, it uses

a fixed gain Gf . These fixed and variable gains are calculated given as follows

Gf ,

√
PR

Ω1PS + σ2
RSI + σ2

R

, (5)

Gv ,

√
PR

ρ1PS + σ2
RSI + σ2

R

, (6)

where ρ1 = |hSR|2 and Ω1 = E{ρ1} are, respectively, the instantaneous and average channel gains of the S–R link;

PS is the average transmit power of S.

The received signal at the destination node D can be expressed as

yD = hRDxR + hSDxS + zD, (7)

where hRD and hSD are the fading coefficients of the R–D and S–D link, respectively; zD ∼ CN (0, σ2
D) is the

AWGN at the destination node.

Based on equations (2), (3) and (7), the received signal at D can be given by

yD = hRDG
[
hSRxS + IR + zR

]
+ hSDxS + zD. (8)

It is also noted that since the relay node R needs to process the received signal before forwarding, the destination

node may receive the signal via the direct link later than that from the relaying link. To combine these signals,

similar to [33], [45] we assume that D can fully resolve them using some suitable processing method such as the

ideal Rake one [28]. Then D can appropriately co-phase and merge these two signals using the MRC technique.

Using (8), the end-to-end signal-to-interference-plus-noise ratio (SINR) of the considered system is expressed as

γ = γSD + γSRD, (9)

where γSD and γSRD are the SINR of S–D and S–R–D link, respectively; γSD is given by

γSD =
|hSD|2PS

σ2
D

=
ρ3PS

σ2
D

, (10)

while γSRD is calculated for the two cases corresponding to Gf and Gv as follows

γf
SRD =

|hSR|2|hRD|2PS

|hRD|2(σ2
RSI + σ2

R) + σ2
D/(Gf)2

=
ρ1ρ2PS

ρ2(σ2
RSI + σ2

R) + σ2
D/(Gf)2

,

(11)

γv
SRD =

ρ1ρ2PSPR

(ρ2PR + σ2
D)(σ2

RSI + σ2
R) + ρ1PSσ2

D

, (12)

where ρ1 = |hSR|2; ρ2 = |hRD|2; ρ3 = |hSD|2.

Note that the fixed gain in (5) can be obtained from the variable gain by setting ρ1 = Ω1 in (6). However, the

SINR of the case with fixed gain relaying cannot be obtained from the SINR of variable gain relaying by using
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the same way. This is because when we set ρ1 = Ω1 in (12) the random channel gain of the S– R link becomes 1.

Thus, we cannot derive (11) from (12). As a result, both OP and SEP, as well as other performance parameters in

the system with fixed gain relaying cannot be derived from the expressions of the case with variable gain relaying.

It is also noted that when the instantaneous channel gains follow Rayleigh fading distribution, the cumulative

distribution function (CDF), denoted by F (x), and the probability density function (PDF), denoted by f(x), of ρi,

i = 1, 2, 3, are given, respectively, by

Fρi(x) = 1− e−
x
Ωi , x ≥ 0, (13)

fρi(x) =
1

Ωi
exp

(
− x

Ωi

)
, x ≥ 0, (14)

where Ωi = E {ρi}.

III. PERFORMANCE ANALYSIS

Based on the signal equations in the previous section, in this section we analyze the system performance and

derive the closed-form expressions of OP, throughput, SEP, and ergodic capacity for both the cases with fixed

gain relaying and variable gain relaying.

A. Outage Probability

The OP of the considered FD relay system is defined as the probability that the achievable rate falls below a

target data transmission rate. Let R (bit/s/Hz) and C be the target and instantaneous rate of the system, respectively.

Then, the OP of the FD relay system is expressed as

Pout = Pr {C < R} , (15)

where C = log2(1 + γ); γ is the end-to-end SINR of the system. Consequently, we have

log2(1 + γ) < R, (16)

which leads to

γ < 2R − 1. (17)

Let x = 2R−1 be the threshold, we can calculate the OP of the considered system using the following expression

Pout = Pr {γ < x} . (18)

The OP of the system in both the cases of fixed and variable gain relaying is then given by Theorem 1.

Theorem 1: The OP expressions of the considered system in the case of fixed gain, denoted by P f
out, and variable

gain relaying, denoted by P v
out, are calculated, respectively, as follows

P f
out = Pr{γf < x} = Pr{γSD + γf

SRD < x}

= 1− exp(−bfx)− bfx

2
exp(−bfx)

N∑
n=1

π

N

√
1− φ2

nG(u), (19)
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P v
out = Pr{γv < x} = Pr{γSD + γv

SRD < x}

≈

1− av exp(−bvx)
av−bv − bv exp(−avx)

bv−av
, av 6= bv,

1− bvx exp(−avx)− exp(−bvx), av = bv,

(20)

where K1(·) denotes the first-order modified Bessel function of the second kind [46], N is the complexity-accuracy

trade-off parameter, φn = cos
(

(2n−1)π
2N

)
, u = x

2 (φn+1), af =
σ2

RSI+σ
2
R

Ω1PS
− σ2

D

Ω3PS
, bf =

σ2
D

Ω3PS
, av =

σ2
RSI+σ

2
R

Ω1PS
+

σ2
D

Ω2PR
,

bv =
σ2

D

Ω3PS
,

G(u) = 2exp(−afu)

√
σ2

Du

Ω1Ω2PSG2
f

K1

(
2

√
σ2

Du

Ω1Ω2PSG2
f

)
. (21)

Proof: In the case of fixed gain Gf , using [46, Eq. 3.324.1] together with the partial integration and the Gaussian-

Chebyshev quadrature method [47], we can obtain OP of the AF FD relay system in (19). In the case of variable

gain relaying, combining [46, Eq. 3.324.1] with the approximation K1(X) ≈ 1
X when X � 1 [47], the system

OP is given in (20). After some algebraic manipulations, we can transform the integral-form of OP from (43) to

the closed-form in (20). For detailed derivations, see Appendix A.

B. System Throughput

For wireless systems, the system throughput is another important performance metric that needs to be evaluated.

The system throughput, which is denoted by T , is defined as

T (x) = R(1− Pout), (22)

where R is the desired transmission rate (bit/s/Hz); Pout is OP of the considered system, which is given respectively

in (19) and (20) for the case of fixed and variable gain relaying.

C. Symbol Error Probability

The symbol error probability of the wireless system is computed as follows [48]

SEP = αE
{
Q
(√

βγ
)}

=
α√
2π

∞∫
0

Fγ

(
t2

β

)
e−

t2

2 dt, (23)

where α and β are constants and their values are determined through the modulation types, e.g., α = 1, β = 2 for

the binary phase-shift keying (BPSK) modulation [48]; Q(x) = 1√
2π

∞∫
x

e−t
2/2dt is the Gaussian function, γ is the

end-to-end SINR of the considered system, Fγ(x) is the CDF of the SINR, which can be replaced by Pout of the

considered system through the definitions of CDF and outage probability; Pout is determined from (19) and (20)

for the case of fixed and variable gain relaying, respectively.

Based on (23), after some mathematical calculations, we obtain the SEP of the considered system for the two

cases in Theorem 2 presented below.

July 28, 2020 DRAFT



8

Theorem 2: The SEPs of the AF FD relay system in the case of fixed and variable gains are determined as

follows:

SEPf =
α
√
β

2

[
1√
β
− 1√

β + 2bf
− bf

2N

√
π

2
Γ

(
5

2

)
Γ

(
3

2

)
M

]
, (24)

SEPv =


α
√
β

2

[ 1√
β
− 1

av − bv

( bv√
β + 2av

− av√
β + 2bv

)]
, av 6= bv,

α
√
β

2

( 1√
β
− 1√

β + 2bv
− bv√

(β + 2av)3

)
, av = bv,

(25)

where

M =

N∑
n=1

√
1− φ2

n exp
(χ2

2ϕ

)
ϕ−

3
2W− 3

2 ,
1
2
(
χ2

ϕ
), (26)

with

χ =

√
σ2

D(1 + φn)

2Ω1Ω2PSG2
f

;ϕ = af
1 + φn

2
+ bf +

β

2
; (27)

and W is the Whittaker function [46].

Proof: By setting x = t2

β , we can rewrite (23) as

SEP =
α
√
β

2
√

2π

∞∫
0

e−βx/2√
x

Fγ(x)dx. (28)

To obtain the SEP, we replace Fγ(x) in (28) by Pout in (19) and (20) then use [46, Eq. 3.361.2], [46, Eq.

6.643.3] for the SEPf and [46, Eq. 2.321.1], [46, Eq. 3.361.2] for the SEPv to have the results in Theorem 2. For

detailed proof, see Appendix B.

D. Ergodic Capacity

In this section, we derive the ergodic capacity of the considered system in the case of variable gain at the relay

node. For the AF FD relay system, the ergodic capacity is calculated as follows

Cv
FD = E

{
log2(1 + γv)

}
=

∞∫
0

log2(1 + γv)fγv(γ)dγ, (29)

where γv is the end-to-end SINR of the considered system with variable gain relaying and fγv
(γ) is the PDF of

γv. Based on (29), we obtain the ergodic capacity of the considered system in the case of variable gain relaying in

Theorem 3.

Theorem 3: The ergodic capacity of the AF FD relay system in the case of variable gain at the relay node is

given by

Cv
FD =


1

ln 2

[
ave

bv

av − bv
E1(bv) +

bve
av

bv − av
E1(av)

]
, av 6= bv,

1

ln 2

[
bv
av
− bveavE1(av) + ebvE1(bv)

]
, av = bv,

(30)

where E1(·) is the exponential integral which is defined in [46] as E1(x) =
∞∫
x

e−t

t dt.

July 28, 2020 DRAFT



9

Proof: From (29), we can calculate the ergodic capacity after some mathematical manipulations as follows

Cv
FD =

1

ln 2

∞∫
0

1− Fγ(x)

1 + x
dx, (31)

Replacing Fγ(x) in (31) by OP in (20) and using [46, Eq. 3.352.4], we obtain (30).

IV. OPTIMAL POWER ALLOCATION FOR FD MODE

In this section, an optimal power allocation scheme for the case of variable gain at the relay is proposed to

minimize the OP and SEP of the considered system by reducing the RSI at FD relay node. As a consequence,

the throughput and the ergodic capacity will be maximized. The optimal value of PR, denoted by P ∗R, is calculated

from the transmission power of source node, the average channel gains and the variance of AWGN at destination

node.

The optimization problem is expressed as

min P v
out

s.t PR > 0
(32)

To solve this problem we use the linear programming method. The closed-form optimal power expression at the

relay, denoted by P ∗R , is given by

P ∗R = arg min
PR

P v
out, (33)

where P v
out is given in (20). Then, the optimal power can be achieved by using Algorithm 1 below.

Algorithm 1 Optimal Power Calculation Algorithm

1: Solve ∂Pv
out

∂PR
= 0 to get PR = P0;

2: if



P0 > 0

∂P v
out

∂PR
< 0 for PR < P0

∂P v
out

∂PR
> 0 for PR > P0

then

3: Output optimal power value

P ∗R = P0;

4: else

5: Output optimal power value

P ∗R = ∅;

6: end

It is noted that in the case P ∗R = ∅, depending on whether ∂Pv
out

∂PR
is less or greater than 0, we will select an

appropriate value of PR. Furthermore, as shown in Algorithm 1, the proposed algorithm requires only a comparison
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operation of the first derivative to decide the optimal P ∗R. Meanwhile, the first derivative of P v
out is given in (35)

with the exponential term given in (36). The complexity requirement is thus not significant.

Based on Algorithm 1, we have the optimal power value of the transmission power of the FD relay node given

by Theorem 4.

Theorem 4: The optimal power value at the FD relay node is given by

P ∗R =

√
Ω1PSσ2

D

Ω2Ω̃R

. (34)

Proof: In the case av = bv, there is only one value of PR which satisfies this equation. Whereas in the case av 6= bv,

by using Algorithm 1 and taking the derivative of P v
out with respect to PR, we have

∂P v
out

∂PR
= −

[
a′vbve

−avx

(bv − av)2
− a′vbvxe

−avx

(bv − av)
− a′vbve

−bvx

(av − bv)2

]
=
a′vbve

−avx

(bv − av)2

[
−1 + (bv − av)x+ e(av−bv)x

]
, (35)

where a′v = ∂av

∂PR
= Ω̃R

Ω1PS
− σ2

D

Ω2P 2
R

; b′v = ∂bv
∂PR

= 0. Using the Taylor expansion, we can rewrite the exponent term

e(av−bv)x as follows

e(av−bv)x =

∞∑
n=0

[(av − bv)x]n

n!

= 1 + (av − bv)x+
[(av − bv)x]2

2!
+ · · · (36)

Replacing (36) into (35), we can find only one critical point as given in (34) because (35) equals to 0 only when

a′v = 0.

V. NUMERICAL RESULTS AND DISCUSSIONS

In this section, the system performance of the AF FD relay system is evaluated by using the derived mathematical

expressions in previous section. To prove the correctness of theoretical analysis, we also show the Monte-Carlo

simulated results versus the numerical ones. In our results, we choose the average channel gains Ω1 = Ω2 = 1 and

the noise variances σ2
R = σ2

D = 1. The complexity-accuracy trade-off parameter N = 20. The system performance

is examined for different SNRs. Here we define the average SNR as the ratio of the average transmit power (PS

and PR) to the noise variances (σ2
R and σ2

D), i.e. SNR = PS/σ
2
R = PR/σ

2
D for the case without optimization. In

the case with optimization is used, the average SNR is SNR = PS/σ
2
R. Furthermore, the notations “wi. op” and

“wo. op” in Fig. 5 and the following figures denote the cases with and without using optimal power allocation at

the relay node, respectively.

Fig. 2 and Fig. 3 depict the OP curves of the considered system versus the average SNR, which were plotted

by using (19) for the case with fixed gain (Fig. 2) and (20) for the case with variable gain relaying (Fig. 3). The

expected transmission rate which is used to obtain the OP is R = 2 bit/s/Hz, thus x = 2R − 1 = 3. Since the

distance from S to D is large, we assume that the average channel gain of the S–D link is Ω3 = 0.1 which is

smaller than Ω1 = Ω2 = 1. Four RSI power levels used for simulations are: σ
2
RSI

σ2
R

= −5, 5, 15, 25 dB. Note that the
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Fig. 2. The OP of the considered system in the case of fixed gain relaying versus the average SNR with fixed RSI, Ω3 = 0.1.
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Fig. 3. The OP of the considered variable gain FD relaying system versus the average SNR for fixed RSI and different RSI power levels,

Ω3 = 0.1.

RSI in this case is fixed when the transmit power at the relay node is changed. It is easy to see from these figures

that since the considered system has the direct link, the outage performance is significantly improved compared

with those in [37], [49], [50] where there is no direct link. Moreover, the OP does not exhibit an error floor for
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Fig. 4. The OP of the fixed gain relaying system versus the average SNR for different RSIs and without optimal power allocation, i.e.

PR = PS.

the same settings of RSI. For example, in the case of large RSI, such as σ2
RSI

σ2
R

= 25 dB, the OP of the considered

system continuously reduces as the average SNR increases. It is also noted that there is a good agreement between

the analytical and simulation results in the case of variable gain. For the case of fixed gain relaying, a perfect

agreement can be observed. On the other hand, when RSI is small, e.g. σ
2
RSI

σ2
R

= −5, 5 dB, the outage performance

in the case of variable gain relaying is significantly better than the fixed gain relaying case. When RSI is large

enough, e.g. σ
2
RSI

σ2
R

= 15, 25 dB, the outage performance for the case of fixed and variable gain are similar.

Figs. 4 and 5 show the OP for the case of varied RSI for Ω3 = 0.01 and Ω̃R = −30,−10, 0 dB. Other parameters

which are used to obtain the results in the figures are similar to those in Fig. 2. It is obvious that the impact of RSI

increases with the transmit power due to the following relationship σ2
RSI = Ω̃RPR. Therefore, when the average

SNR increases due to increasing PR, σ2
RSI becomes larger. We can see that when Ω3 is very small, i.e. the direct

link from S to D can be neglected, the OP will suffer an outage floor at high SNR when PR = PS. In order to deal

with this issue, we can apply the proposed optimal power allocation. As shown in the Fig. 5, in the case of variable

gain, by using the proposed optimization scheme for the FD mode, the outage performance can be significantly

improved. On the other hand, when RSI is small, e.g. Ω̃R = −30 dB, the gain difference between the cases with

and without optimization are not significant. However, when RSI becomes larger, e.g Ω̃R = 0 dB, the OP with

optimization is much lower than without optimization.

Fig. 6 illustrates the system throughput of the considered system using the following settings: R = 2 bit/s/Hz,

Ω3 = 0.01, Ω̃R = −20,−10, 0 dB. In this figure, we use the optimal transmission power for the case with variable

gain relaying. As can be seen in Fig. 6, the system throughput reaches the target R in the high SNR regime, such as
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Fig. 5. The OP of the variable gain relaying system versus the average SNR for different RSIs and with/without power allocation.
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6Fig. 6. The system throughput of the variable gain FD relaying system versus the average SNR at the relay node for the case using optimal

power allocation and different RSIs, R = 2, Ω3 = 0.01.
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Fig. 7. The SEP of the considered fixed/variable gain FD relaying system versus the average SNR at the relay node with/without power

allocation for different direct link gains and RSIs.

SNR ≈ 25 dB in the case of Ω̃R = −20 dB,Ω3 = 0.01. When the RSI becomes larger, i.e. Ω̃R = −10, 0 dB, the

considered system achieves the target throughput with higher SNR (higher than 25 dB). Additionally, the system

throughput of the case with variable gain is significantly improved in comparison with the fixed gain case when

the relay power optimization is used, providing the benefit of the proposed optimal power calculation algorithm.

Fig. 7 shows the SEP of the considered system versus the average SNR at the relay when BPSK modulation

(α = 1, β = 2) and power allocation are used. The analytical SEP is obtained using (24) for the case of fixed gain

and (25) for the case of variable gain. We investigate two cases for the direct link channel gain and the RSI, i.e.

Ω̃R = −20 dB, Ω3 = 0.1 and Ω̃R = −10 dB, Ω3 = 0.01. Moreover, the SEP with optimal power allocation (PR

is determined by (34)) is compared with that of the case without optimal power allocation (PR = PS) to prove the

advantage of the proposed optimal power calculation algorithm, especially in the high SNR regime. As observed

from Fig. 7, when the SEP target is 10−4 for Ω̃R = −10 dB, Ω3 = 0.01, the SEP with optimal power allocation

has a gain of approximate 12.5 dB compared with the case of without optimal power. For the case Ω̃R = −20 dB,

Ω3 = 0.1, the gain is about 5 dB when SEP = 10−6. In other word, when the channel gain of the direct link is very

small, the gain in the case of optimal power becomes larger than that with higher direct link channel gain. Thanks

to the proposed power allocation at the relay node, the SEP of the considered system is significantly improved.

Furthermore, in the case without optimization the SEP of the fixed and variable gain relaying are similar in high

SNR regime. Therefore, based on the realistic scenarios and the requirements of the FD system, RSI, and the

average gain of the direct link, researchers and designers can select an appropriate transmit power of the relay node
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Fig. 8. The SEP of the considered fixed/variable gain FD relaying system versus the average SNR = PS/σ
2
R for different channel gains and

RSIs. The transmission power of the relay node is fixed so that PR/σ
2
D = 25 dB.

to improve the system performance. For example, when transmit power is large enough and the RSI level is high, to

reduce the processing complexity at the relay node, we can use the fixed gain relaying to achieve the same system

performance as in the case of variable gain relaying.

Fig. 8 plots the SEP in the case of relay fixed transmit power so that PR/σ
2
D = 25 dB. Other parameters are

similar to those in Fig. 7. We can see that when SNR < 30 dB the SEP for both fixed gain and variable gain in

Fig. 8 is worse than that in Fig. 7. However, when SNR > 30 dB, the SEP in Fig. 8 is better. On the other hand,

for the variable gain relaying, the gain in the case with optimal power slightly increases compared with the case

without optimal power. Therefore, when the FD system is affected by stronger RSI, it is important that the transmit

power of the relay node is suitably selected to achieve better SEP and energy saving.

Fig. 9 presents the ergodic capacity of the system in the case of variable gain versus the average SNR at the

relay node with optimal power allocation and Ω̃R = −10 dB. In Fig. 9, the analytical curves are plotted by using

(30) while the markers represent the Monte-Carlo simulation results. To consider the impact of the direct link on

the system capacity, the channel gain of the direct link is varied as Ω3 = 0.8, 0.5, 0.1, 0.01. As shown in Fig. 9,

the ergodic capacity improves when the SNR increases. Furthermore, increasing the channel gain of the direct link

will enhance the ergodic capacity of the considered system.

VI. CONCLUSION

To exploit the advantages of the FD and cooperative communication systems, in this paper we have studied the

performance of the AF FD relay system in the case of imperfect SIC for both fixed and variable-gain relaying.
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Fig. 9. The ergodic capacity of the variable gain relaying system versus the average SNR at the relay node using optimal power allocation,

Ω̃R = −10 dB.

Using theoretical analysis, we successfully derived the closed-form expressions for the OP, system throughput,

ergodic capacity and SEP of the considered system. We also investigated the system performance for the case of

fixed RSI and varied RSI. To improve the system performance in the case of imperfect SIC, we proposed an optimal

power allocation scheme at the FD relay node. Numerical and simulation results show that the system performance

is significantly improved when using the proposed power allocation scheme. When the relay cannot estimate the

optimal power value to reduce the processing complexity, by using the results in this paper it is possible to select a

suitable transmit power which can improve the system performance and save more energy. The results in this paper

can also be easily applied to the system without direct link by setting the channel gain of this link equals zero.

APPENDIX A

This appendix provides detailed proof of Theorem 1.
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1) In the case of fixed gain, we have

P f
out(x) = Pr{γSD + γf

SRD < x}

= Pr

{
ρ3PS

σ2
D

+
ρ1ρ2PS

ρ2(σ2
RSI + σ2

R) + σ2
D/G

2
f

< x

}

= Pr

ρ1 <

[
ρ2(σ2

RSI + σ2
R) + σ2

D/G
2
f

]
(x− ρ3PS

σ2
D

)

ρ2PS


=

σ2
Dx

PS∫
0

[∫ ∞
0

Fρ1

([
ρ2(σ2

RSI + σ2
R) + σ2

D/G
2
f

]
(x− ρ3PS

σ2
D

)

ρ2PS

)

× fρ2
(ρ2)dρ2

]
fρ3

(ρ3)dρ3. (37)

Applying (13) for Fρ1
(.) and (14) for fρ2

(.) and fρ3
(.) combining with [46, Eq. 3.324.1], (37) becomes

P f
out(x) =

σ2
Dx

PS∫
0

[
1− exp

(
−

(σ2
RSI + σ2

R)(x− ρ3PS

σ2
D

)

Ω1PS

)

× 2

√√√√σ2
D(x− ρ3PS

σ2
D

)

Ω1Ω2PSG2
f

K1

(
2

√√√√σ2
D(x− ρ3PS

σ2
D

)

Ω1Ω2PSG2
f

)]

× 1

Ω3
exp

(
− ρ3

Ω3

)
dρ3

= 1− exp
(
− σ2

Dx

Ω3PS

)
− J = 1− exp(−bfx)− J, (38)

where

J =
1

Ω3

σ2
Dx

PS∫
0

exp

(
−

(σ2
RSI + σ2

R)(x− ρ3PS

σ2
D

)

Ω1PS
− ρ3

Ω3

)

× 2

√√√√σ2
D(x− ρ3PS

σ2
D

)

Ω1Ω2PSG2
f

K1

(
2

√√√√σ2
D(x− ρ3PS

σ2
D

)

Ω1Ω2PSG2
f

)
dρ3. (39)

Setting ζ = x− ρ3PS

σ2
D

, then taking integral in (39) with respect to ζ we get

J =
σ2

D

Ω3PS
exp

(
− σ2

D

Ω3PS

) x∫
0

exp

[
− ζ
(σ2

RSI + σ2
R

Ω1PS
− σ2

D

Ω3PS

)]

× 2

√
σ2

Dζ

Ω1Ω2PSG2
f

K1

(
2

√
σ2

Dζ

Ω1Ω2PSG2
f

)
dζ. (40)

Applying the Gaussian-Chebyshev quadrature method [47], then (40) becomes

J =
σ2

Dx

2Ω3PS
exp

(
− σ2

Dx

Ω3PS

) N∑
n=1

π

N

√
1− φ2

nG(u)

=
bfx

2
exp(−bfx)

N∑
n=1

π

N

√
1− φ2

nG(u), (41)
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where G(u) is given in (21).
2) In the case of variable gain, we have

P v
out(x) = Pr

{
ρ3PS

σ2
D

+
ρ1ρ2PSPR

(ρ2PR + σ2
D)(σ

2
RSI + σ2

R) + ρ1PSσ2
D

< x

}
(42)

Therefore

P v
out(x) =

σ2
Dx

PS∫
0

1− ∞∫
0

[
1− Fρ1(v)

]
fρ2(z +

σ2
D

PR
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where

v =

[
(z +

σ2
D

PR
ζ)PR + σ2

D

]
(σ2

RSI + σ2
R)ζ

PSPRz
·

After some mathematical transforms, we can obtain the P v
out(x) as in (20).

The proof of Theorem 1 is complete.

APPENDIX B

This appendix provides detailed proof of Theorem 2.

1) In the case of fixed gain, the SEPf is determined as follows

SEPf =
α
√
β

2
√

2π

∞∫
0

e−βx/2√
x

[
1− exp(−bfx)− bfx

2
exp(−bfx)

×
N∑
n=1

π

N

√
1− φ2

nG(u)

]
dx (44)

Applying [46, Eq. 3.361.1], the first part of the integral in (44) is given by
∞∫

0

e−βx/2√
x

[
1− exp(−bfx)

]
dx =

√
2π

β
−
√

2π

β + 2bf
· (45)
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For the second part of the integral in (44), we have
∞∫

0

e−βx/2√
x

bfx

2
exp(−bfx)

N∑
n=1

π

N

√
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=
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N
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n=1

χ
√

1− φ2
n
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0

x exp(−ϕx)K1

(
2χ
√
x
)
dx, (46)

where the parameters χ and ϕ are defined in (27). Using the [46, Eq. 6.643.3], the integral in (46) can be calculated

as
∞∫

0

x exp(−ϕx)K1

(
2χ
√
x
)
dx =

Γ( 5
2 )Γ( 3

2 )

2χ
exp

(χ2

2ϕ

)
× ϕ− 3

2W
(
− 3

2
,

1

2
,
χ2

ϕ

)
(47)

After some mathematical manipulations, we obtain the SEPf of the considered system as in (24).

2) In the case of variable gain, the SEP of the considered system is determined as

SEPv =


α
√
β

2
√

2π

∞∫
0

e−βx/2
√
x

(
1− bv

bv−av
e−avx − av

av−bv e
−bvx

)
dx, av 6= bv

α
√
β

2
√

2π
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0

e−βx/2
√
x

(
1− bvxe−avx − e−bvx

)
dx, a = b

=


α
√
β

2
√

2π

(√
2π
β −

bv
bv−av

√
2π

β+2av
− av

av−bv

√
2π

β+2bv

)
, av 6= bv

α
√
β

2
√

2π

(√
2π
β −

√
2π

β+2bv
− bv

√
2π

(β+2av)3

)
, av = bv.

(48)

It is noted that the first line in (48) is obtained by using [46, Eq. 3.361.1] while the second line is obtained by

using both [46, Eq. 2.321.1 and Eq. 3.361.1]. After some mathematical transforms, we have the SEPv as in (25).

The proof of Theorem 2 is complete.
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